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SOLUTIONS OF PROBLEMS. 317 

is a parallelogram. Hence QC is parallel to AR and 

QC = AR. (2) 

Now, the triangles PAC,PDB, are similar; for Z PC A = / PPD, both standing 
on the arc ^4D in a cyclic quadrilateral. Hence 

AC :DB r.PA : PD. (3) 

Likewise, the triangles Q(L4, QD5 are similar; and 

AC :DB::QC: QD. (4) 

From (3) and (4), 

PA : PD :: QC : QD; 
or 

PD : QD :: PA : QC; 
or, by (2), 

PD : 0D :: PA : ^P. (5) 

Again, 

Z PDQ = z PAR, (6) 

for 

Z PDQ = 180° - z ^DC = z ^4PC 
and 

Z PAR = Z .4P<7. 

Hence, by (5) and (6) the triangles PDQ and PAR are similar; since they have 
an angle in each equal and the including sides proportional. Therefore, 

PA : PD :: PR : PQ; 
or 

PA :PD :: 2DN : PQ. (7) 

By (3) and (7) we have 

AC :BD :: 2Z2V : PQ. (8) 

In a similar way, by drawing QM and prolonging it to S (say), making MS = QM, 
and then drawing PS, we can show that 

AC : BD :: PQ : 2PM. (9) 

From (8) and (9), 

LN_1_AC LM 1BD 

PQ~2BD' PQ~2AC 

Substituting these values in (1), we have 

MN 1(AC_BD\ MN ^ AC 2 - BD 2 

PQ ~ 2\BD ACT or PQ~ 2AC-BD " 

CALCULUS. 
333. Proposed by C. N. schmall, New York City. 



Evaluate/// ^ -J£±±±Jg «fc d„ <fe, where x* + »■ + * < 1. 



318 solutions of problems. 

Solution by the Proposer. 

The given integral evidently depends on the distance of the point (x, y, z) 
from the origin. As the integration is to be taken for all values of x, y, and z 
within a sphere of unit radius, center at the origin, the integral may be put into 
the form 

in which the element of volume is a thin spherical shell included between the 
spheres of radii r, r + dr. 

Now put r — sin 0. Then we have 

, n cos 2 sin 2 , fi f sin 2 20 , 

u = 4x , ^ d<j> = 4tt / = dcj> (1) 

Jo l/l + sin 2 Jo l/l + sin 2 W 

= 4tt )\ -^L=tt=+ cos 20l/l+sin 2 )#-4tt f 2 C os20 Vl + sin 2 0d0 
Jo \V 1 + sin 2 / J» 

7T IT 

= 4tt § sin 20 l/l + sin 2 | - 4tt J cos 201/1+ sin 2 d0 

= - 4tt / cos 20 l/l + sin 2 d0 = 4tt I (2 sin 2 - l)l/l + sin 2 r/0 

Jo Jo 

p" (1 - 2 cos 2 0) ( 1 + sin 2 0) ^0 
•A l/l + sin 2 

r * ~ ~ - ° os 2 ^ "^ s * n2 ^ — ^ sm2 ^ c ° s2 ^oi 

Jo l/l + sin 2 

, f^l -2cos 2 + sin 2 , n . ... , . 

= 4ir I . : — = d0 — 2m (by equation (1) above). 

Jo l/l -I- sin 2 oi 



Henc 



e 



3. = 4. f^^^U = 4. f (31/1+^-0 - -7^=^) <*> 
Jo l/l + sin 2 Jo \ VI + sin 2 0/ 



dcf, 



/o l/l + sin 2 



= 4tt f 31/ 1 + sin 2 0d0 - 4tt | 

Jo Ji 

Putting 7r/2 — for 0, we obtain 

ft _ fi d<t> 

3u = 12-I/2-7T J l/l -|sin 2 0rf0- 16l/2-7rJ 



V\ — \ sin 2 



SOLUTIONS OF PROBLEMS. 319 

These are complete elliptic integrals of the second and first kinds respectively, 
and can be readily evaluated. See Peirce's Short Table of Integrals, pp. 118-119, 
and Bromwich's Infinite Series, p. 162, ex. 6. 

Using the notation employed in the former, we have 

u = \{l2irV2E{Vl, <j>) - 167rl/2>(l/|, </>)}. 

NUMBER THEORY AND DIOPHANTINE ANALYSIS. 

188. Proposed by elmer schuyler, Brooklyn, N. Y. 

Solve the congruence 3a; 2 + ix + 5 = [mod 20]. 

Solution by Walter C. Eells, Whitworth College. 
By inspection, solutions of the two congruences, 

3a; 2 + 4x + 5 = (mod 4), (1) 

3a; 2 + 4x + 5 = (mod 5), (2) 

are x = ± 1 for (1), and x = 0, 2 for (2). 

Then we have the four systems of linear congruences, 

f x = 1 (mod 4), f x = 1 (mod 4), 

W \x = (mod 5), w 1 x s 2 (mod 5), 

f<Vi | ^ = _ ! ( mod 4 )> / n | * = - 1 (mod 4), 

1 ; 1 a; s (mod 5), W | a; = 2 (mod 5). 

To solve system (3), substitute x = 1 + 4y from first congruence in second 
congruence, 

1 + 4^ = (mod 5) ; 
whence 

y = 1 + 5ft, 
and 

a; = 1 + 4t/ = 1 + 4(1 + 5ft) = 5 + 20ft. 

Hence, x = 5 (mod 20), yielding one solution of given congruence. Similarly, 
systems (4), (5), (6) yield x = 17, 15, 7, giving altogether four independent 
roots of the congruence 3a: 2 + 4a; + 5 = (mod 20) . 

Also solved by H. C. Feemster, Lotjis Claek, S. Lefschetz, E. B. Escott. 

No solution of 189 has been received. 



